A highly reliable traffic network is very important for both abnormal and normal periods. Network reliability can be improved effectively by improving the most important key link in the network. When such an important link has been identified, network reliability can be efficiently improved and maintained. An index of reliability importance (RI) has been proposed; however, it does not reflect that it is more difficult to improve a highly reliable link than it is to improve a less reliable link. Thus, an index of criticality importance (CI) has been proposed. However, in a parallel network, use of the CI will result in only the more reliable links being improved, and the less reliable links will not be improved. Thus, Wakabayashi proposed an advanced index of the criticality importance (CIW). However, the degree of importance is the same for the links in a parallel network. Thus, none of these indices can find the most important key link in the network. Therefore, these indices cannot obtain a good solution for improving network reliability. A cost-benefit analysis is also important. This paper contains the following sections: First, previously proposed indices, such as RI, CI, and CIW, are summarized. Second, since the calculation work for network reliability increases exponentially with the number of links of the network (an NP-hard problem), an enormous amount of CPU time and memory size is needed. Therefore, we propose an efficient calculation algorithm with a partial differential, the calculation algorithm for Boolean absorption (CABA). It enables us to automatically calculate the reliability and importance of links, even for a very large-scale network. Using the CABA, the processes of network improvement with the RI, CI, and CIW are compared for a small network. Then the features and defects of these indices are compared. Third, a method of cost-benefit analysis is proposed in order to improve the previously proposed indices, especially complementing the CIW. Series, parallel, and simple bridge networks are discussed. Depending on the reliability-cost function, the behavior of the network improvement process will differ. Last, we conclude with a summary of our method for effective and efficient network improvement.
Introduction
It is important to keep a traffic network highly reliable during abnormal periods, such as during a disaster. However, at such a time, the traffic system may be seriously damaged, and it is difficult to determine which damaged roads take priority in order to maintain or improve the traffic network reliability. In addition, terminal reliability of the traffic network is often calculated by a combination of path sets and cut sets. For example, since path sets are a set of links, the reliability of one path set is a combination of link reliability. Therefore, once a key link for improving the terminal reliability is found, the network reliability can be improved and maintained efficiently by improving the reliability of the key link. Thus, some indices, such as those for reliability importance (RI) and criticality importance (CI), have been proposed. However, these indices have their own shortcomings for finding the most important key link in the network. In addition, the cost for repairing the traffic system is also important for improving the network reliability. Therefore, we also perform a cost-benefit analysis for improving the traffic network reliability.
Current importance indices for network reliability
The concept of importance has long been proposed in the field of systems engineering, but has appeared in only a few papers in the transportation field (Barlow and Proschan, 1975) . Importance is defined as the degree of magnitude that improvement in the reliability of a link contributes for system reliability. The indices of importance proposed in this paper are based on the reliability of the connectivity.
Terminal reliability
The terminal reliability of a highway network is defined as the probability that two given nodes over the network are connected with a certain service level of traffic for a given time period (Iida and Wakabayashi, 1989; Iida and Wakabayashi, 1992) . Similarly, link reliability in the network is defined as the probability that the traffic has a certain level of service for a given time period. Terminal reliability, R, is given by an expression using minimal-path sets, as follows (Iida and Wakabayashi, 1990 ):
where P S is the S th minimal-path set, and p is the total number of minimal-path sets. This calculation method is called the Boolean absorption method (Wakabayashi and Iida, 1992) . Here, X a is the binary indicator variable for link a as follows:
Link reliability, r a , is defined as
The terminal reliability of a traffic network depends on the network structure and the link reliabilities. There are, therefore, two basic approaches to improving network reliability, namely, to improve the network structure or to improve the reliability of the links. The focus here is on identifying which links should be improved in order to maximize the improvement in network reliability.
Birnbaum structural importance

Definition of the Birnbaum structural importance
In order to find out the key link for improving the terminal reliability most efficiently, the Birnbaum structural importance (Birnbaum, 1969 ) was proposed as
The Birnbaum structural importance indicates the impact of a link, such that the increase or decrease in the reliability of the link affects the increase or decrease in the terminal reliability. The Birnbaum structural importance is also known as the reliability importance.
Merits and faults of the Birnbaum structural importance
Although the Birnbaum structural importance has the potential to improve network reliability, it has a shortcoming, which we will discuss in this section.
For the case of two links in a series network, the terminal reliability R AB is shown as Eq. (5); ( 1 0 ) The result from Eq. (10) indicates that in the case of a parallel-type network, improving the more reliable link will be more effective for improving terminal reliability. Usually, however, it is difficult to improve a more reliable link, whereas it is rather easy to improve a less reliable link. This result for improving, managing, and reconstructing network is counter to what one would expect.
Criticality importance
Definition of criticality importance
Because of the shortcoming of the Birnbaum structural importance, the criticality importance index (CI) was proposed as the ratio of the proportional improvement in the network reliability to the proportional improvement in the link reliability (Henley and Kumamoto, 1992) :
Merits and faults of criticality importance
The criticality importance also has shortcomings which we will discuss in this section. For the case of two links in a series network, it follows from Eq. (4), (5), (7) and (11) ( 1 2 ) This result suggests that the criticality importance index is the same for both links in a series network. However, in a series network, it would be reasonable to strengthen a less reliable link, thus this is a shortcoming of the criticality importance index. In addition, it does not provide information to distinguish between the two links in terms of improving network reliability.
For the case of two links in a parallel network, it follows from Eq. (4), (6) , (9) and (11) that R r r r CI
and R r r r CI
( 1 4 ) It follows that
( 1 5 ) Therefore, the criticality importance index also indicates that in the case of a parallel-type network, improving a more reliable link gives a greater increase in the terminal reliability of the network. The results for a parallel network provided by both the RI and the CI suggest that a less reliable link should be ignored in a parallel system. In other words, the people who live along a less reliable link would be neglected after a disaster. This is not reasonable planning for disaster prevention and reduction. Thus, this result is not as one would expect.
Advanced criticality importance proposed by Wakabayashi
Definition of advanced criticality importance proposed by Wakabayashi
Based on the defect of Eq. (10), (12) and (15), the Birnbaum structural importance and the criticality importance cannot reflect the fact that it is more difficult to improve a more reliable link than a less reliable one. Thus it is convenient to define the importance as the proportion of the marginal change in terminal reliability against the marginal change in link reliability. Changing the definition of equation in the reliability engineering, the advanced criticality importance CIW proposed by Wakabayashi (2004) is introduced as Eq. (16);
( 1 6 ) where q a =1-r a is the unreliability of link a.
Merits and faults of the advanced criticality importance proposed by Wakabayashi
For the case of two links in a series network, it follows from Eq. (4), (5), (7) and (16) ( 1 8 ) It follows that
( 1 9 ) Thus, in a series-type network, the criticality importance proposed by Wakabayashi has the same property as the Birnbaum structural importance, and this property from Eq. (19) is exactly as one would expect.
For the case of two links, 1 and 2, in parallel, it follows from Eq. (4), (6), (9) and (16) From Eq. (20), although the criticality importance proposed by Wakabayashi made more progress than the index proposed by Henley and Kumamoto (1981) , this index is the same for both links in a parallel network, so it does not provide information to distinguish between them in terms of improving network reliability.
The reliability importance and the criticality importance discussed above, because of their own shortcomings, cannot select the most important key link of a traffic network. Therefore, a good solution cannot be obtained by these indices for evaluating the improvement of network reliability. In addition, although cost-benefit ratio is also important (Nicholson, 2007) , those indices cannot predict the increase in cost for improving link reliability when the link reliability increases. Thus cost of the reliability of the traffic network should be discussed.
A method for cost-benefit analysis for improvement of traffic network reliability
According to the criticality importance proposed by Wakabayashi described in Section 2, the less reliable link in a series network should be improved in accordance with Eq. (19). However, the result from Eq. (20) does not provide distinguishable information as to which link should be improved first in a parallel network. Thus, a method to determine the cost of the improvement of the reliability of the traffic network will be proposed in this section.
We will assume three cases of the cost strategies needed to improve the link reliability (cost-reliability function):
Case 1: The cost to improve a link of higher reliability is more than to improve a link of lower reliability, and the cost to increase the same degree of the link reliability varies according to the link reliability. Case 1 of the cost strategy is shown as Eq. (21). , * where the initial value of C 1 =50,000 and C 10 =2500. where the initial value of C 2 =250,000, C 3 =50,000, and C 20 =5000/3. where the initial value of C 30 =5000. The effect of an improvement to network reliability, which requires a cost increase, may not be obvious in the short term, thus, a simple cost-benefit function that shows the improvement of the network reliability against the cost increase for a long time is defined as follows: 
A calculation algorithm for Boolean absorption of terminal reliability and reliability importance
Boolean absorption can be used to calculate the exact value of terminal reliability (Iida and Wakabayashi, 1988) . However, the number of operations, including an expansion and Boolean absorption, is very complicated and becomes impractical as the size of the network expands. In addition, it tends to lead to incorrect results. Therefore, an algorithm known as the calculation algorithm for Boolean absorption (CABA) has been developed for processing this calculation using a computer. The main point of this algorithm is to expand Eq. (1) directly. In addition, it is designed to generate and to unify each term in turn for efficiency. Furthermore, only one bit of memory is used to store each random variable of every link of the network. In addition, the reliability importance (RI) can be obtained by Eq. (4). Thus, the calculation for RI of link a can also be obtained by this algorithm. The algorithm is as follows:
Step 1: Let p be the number of minimal-path sets to be used in this calculation. Store these minimal-path sets. Here, every minimal-path set that is composed of links, expressed as binary numbers, is stored as a decimal number. For example, the minimal path set α =X 1 X 2 X 5 X 10 , that is, {1, 2, 5, 10}, is expressed as the binary number 0000010000010011 (read this figure from the right). At this step, the number is translated into a decimal number then stored; the binary number 0000010000010011 is stored as the decimal number 531 (=2 0 +2 1 +2 4 +2 9 ). This procedure permits reduction in the size of the memory region used in the computer.
Step 2: Let m=1, where m is the number of minimal-path sets in every iteration.
Step 3 Arrange this product by Boolean absorption in terms of links. For example, the product of the minimal-path sets {1, 2, 5, 10}, {1, 4, 9, 12}, and {3, 8, 11, 12} is translated into the memory variable 3999, which indicates X 1 X 2 X 3 X 4 X 5 X 8 X 9 X 10 X 11 X 12 . This procedure is demonstrated in Fig. 1 .
Based on the memory variable of the product for terminal reliability, the memory variable for the RI of all links can be calculated and stored in other locations. If the corresponding bit of X a does not exist in the memory variable of the product for terminal reliability, the memory variable for the RI of link a translates into 0, otherwise, the corresponding bit of X a in the memory variable of the product for terminal reliability is translated into 0, and the new memory variable is stored in other locations as the memory variable for the RI of link a . For example, the product of RI 1 is X 2 X 3 X 4 X 5 X 8 X 9 X 10 X 11 X 12 based on the memory variable 3999 for terminal reliability, thus the memory variable for RI 1 is 3998. However, the memory variable for RI 6 is 0 because link 6 does not exist in the memory variable 3999. This procedure is demonstrated in Fig. 2 .
Step 4: Combine like terms. The products generated in step 3 are checked as to whether the same product has been generated in the preceding process. For the above examples, the numbers 3999 and 3998 are checked as to whether the same number exists in the same locations. When the same product exists, the coefficient of the product is updated; when not, it is newly stored.
Step 5: Iterate steps 3 and 4 for all combinations of
. The number of iterations is m p . Fig. 1 . Example of the process of Boolean absorption for terminal reliability: X1X2X5X10*X1X4X9X12*X3X8X10X11X12=X1X2X3X4X5X8X9X10X11X12 Fig. 2 . Examples of the process of CABA for reliability importance
Step 6: Iterate steps 3 through 5 for p m , , 3 , 2 = .
Step 7: Each number in the storage region corresponds to each term in the polynomial expression of X a , for which Boolean absorption has already been carried out. If the number 3999 remains in the storage region for terminal reliability, the corresponding term, X 1 X 2 X 3 X 4 X 5 X 8 X 9 X 10 X 11 X 12 , exists in the polynomial expression for terminal reliability. Similarly, if the number 3998 remains in the storage region for reliability importance, the corresponding term, X 2 X 3 X 4 X 5 X 8 X 9 X 10 X 11 X 12 , exists in the polynomial expression for reliability importance. Therefore, the value of the terminal reliability and reliability importance are obtained by substituting the value for the link reliability into the corresponding terms.
Numerical examples
A method for the cost-benefit analysis for the improvement of traffic network reliability was proposed in Section 3, and three cost strategies for improving the link reliability were assumed in order to find the most important key link for most improving the network reliability. According to the CIW index proposed by Wakabayashi, the least-reliable link in a series-type network should be selected as the most important key link for most improving the network reliability. Thus, in this section, only a simple parallel network and a simple bridge network were selected to carry out the cost-benefit analysis for the improvement of network reliability.
In this section, two strategies for selecting the most important key link for improving the network reliability are discussed:
The most reliable link will be selected as the most important key link in accordance with Eq. (10) and (15); The least reliable link will be selected as the most important key link in accordance with Eq. (8) and (19).
Cost-benefit analysis for a simple parallel network
A simple parallel network (only two links) will be discussed in this section, and the original reliability of two links is r 1 =0.4 and r 2 =0.5, the initial value of those parameters is Y= 50 and F=100,000,000 yen/year. Figure 3 shows three cost strategies of the link reliability improvement for the simple parallel network, and the left branch of every Case in Fig.3 shows that the more reliable link should be improved, and the right branch shows that the less reliable link should be improved.
The cost-benefit analysis based on Case 1 of the cost strategy
The cost to improve the link reliability varies as the link reliability in Case 1. The result Eff(50,1) L from the left branch of Case 1 is 8 by using Eq. (21), and the result Eff(50,1) R from the right branch of Case 1 is 7.5. Thus, Eff(50,1) L > Eff(50,1) R . These results suggest that the more reliable link should be selected as the most important key link, based on Case 1 of the cost strategy. Fig. 3 . The effect of cost-benefit analysis based on three cost strategies of improving the link reliability for a simple parallel network
The cost-benefit analysis based on Case 2 of the cost strategy
The cost to improve the link reliability is cumulative with a quadratic function in Case 2. The result Eff(50,1) L is 1.85 from the left branch of Case 2 by using Eq. (21), and the result Eff(50,1) R from the right branch of Case 2 is 2.12. Thus, Eff(50,1) L < Eff(50,1) R . These results suggest that the less reliable link should be selected as the most important key link, based on Case 2 of the cost strategy.
The cost-benefit analysis based on Case 3 of the cost strategy
The cost is fixed when the link reliability is improved with the same degree in Based on both Case 1 and Case 3 of the cost strategies, the more reliable link should be selected as the most important key link; on the contrary, the less reliable link should be selected as the most important key link to be improved, based on Case 2 of the cost strategy. Therefore, the different link should be selected as the most important key link according to the different cost strategies by using the cost-benefit function Eq. (21) in a parallel-type network.
Cost-benefit analysis for a simple bridge network
It is easy to calculate the exact value of terminal reliability and reliability importance of the above-mentioned parallel network. However, it is very complicated and impractical to calculate the exact value of the terminal reliability as the size of the network expands.
In this section, we consider a simple bridge network that has four nodes and five links, as shown in Fig.4 . The minimal-path sets of this network are P 1 = {1, 2}, P 2 = {3, 4}, P 3 = {1, 5, 4}, and P 4 = {3, 5, 2}. The independent minimal-path set is a series network system (Wakabayashi and Iida, 1991) , thus, the reliability of the minimalpath set is shown as follows: ( 3 2 ) The original reliability of the links is r 1 =0.3, r 2 =0.4, r 3 =0.5, r 4 =0.4, and r 5 =0.4. The initial value of the parameters is Y= 50 and F=100,000,000 yen/year. Figure 5 shows three cost strategies of improving the link reliability for the simple bridge network, and the left branch of every Case in the figure shows that the most reliable link should be selected to improve the network reliability, and the right branch shows that the least reliable link should be improved.
The cost-benefit analysis based on Case 1 of the cost strategy
The process of cost-benefit analysis is similar to the previous description of Section 5. Based on Case 3 of the cost strategies, the most reliable link should be selected as the most important key link; in contrast, the least reliable link should be selected as the most important key link to be improved based on both Case 1 and Case 2 of the cost strategies. In practice, both Case 1 and Case 2 of the cost strategies are reasonable, in accordance with the well-known "laws of diminishing returns" (Nicholson, 2007) . Furthermore, the conclusion from both Case 1 and Case 2, that the least reliable link in the simple bridge network should be selected as the key link, is also reasonable, in accordance with the well-known "it is difficult to improve a highly reliable link whereas it is rather easy to improve a less reliable link" (Wakabayashi, 2004) . Therefore, the least reliable link in the general traffic network should be selected as the most important key link to be improved for most increasing the network reliability.
Conclusion
In this paper, first, in order to discuss the improvement of the reliability of a traffic network, the current indices of reliability, including RI, CI and CIW, were introduced and the faults of these indices were pointed out.
Secondly, a method for a cost-benefit analysis, based on the cost-reliability function, was proposed for improvement of the reliability of the traffic network.
Third, we developed the calculation algorithm for Boolean absorption for terminal reliability and reliability importance.
Finally, two numerical examples for the simple parallel network and the simple bridge network were simulated based on the calculation algorithm for Boolean absorption and the cost-reliability function. From these simulations, general conclusions can be obtained as follows:
(1) In a very simple network, the most important key link should be selected according to a cost strategy for improvement of the traffic network reliability. (2) In a general network, the least reliable link should be selected as the most important key link for improvement of the traffic network reliability. However, these conclusions are based on only limited types of traffic networks. As an area of future study, more types of traffic network should be used for finding the most important key link in some typical networks.
